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It is well-known that the circulation of the velocity field of a fluid along a closed material curve is conserved
for any solution of the Euler equation. We offer a slightly more explicit proof of that fact than that generally
found in the literature. We then rewrite that property in terms of the rescaled variables and functions leading to
the Euler-Leray equations and appropriate for studying self-similar solutions. We finally discuss the implications
of the conservation of circulation on the existence of such solutions.
I. INTRODUCTION
In this paper we reconsider the question of the conservation of circulation (CC) for the solutions of the Euler equation, a result
known as Kelvin Theorem. We first rewrite the usual proof [1] of that result in a slightly more explicit form than that given in
[1]. It then becomes immediately apparent that (i) the proof holds independently of the space dimension, and that (ii) not only
does the Euler equation imply CC, but the converse is also true, namely (for sufficiently regular velocity fields), CC is equivalent
to the Euler equation. Incompressibility is not assumed and plays no role in that question.
We next rewrite the previous results in terms of suitably time rescaled variables and functions (see (13)-(16) below) appropriate
for studying self-similar solutions. Under a suitable condition on the scaling parameters (see (17)), the Euler equation becomes
equivalent to the time dependent Euler-Leray (TEL) equation (19) [2] [3]. We rewrite the circulation of the velocity field in
terms of the new variables (see (21) (22)) and we verify by a direct computation in those variables that CC is also equivalent to
the TEL equation.
We finally turn to the case of self-similar solutions, associated with solutions of the stationary Euler-Leray (SEL) equation
(20) and we investigate whether CC implies additional constraints on those solutions. For orientation, we first consider the well
understood case of L2-norm or equivalently (kinetic) energy conservation for the incompressible Euler equation. In that case,
one sees easily that no L2valued self-similar solution can exist unless the dilation parameters satisfy a suitable L2compatibility
condition.
The case of CC for the Euler equation is more delicate. We can easily identify a CC compatibility condition for the dilation
parameters (namely α = β in (13) (14)) under which no additional constraint occurs for the self-similar solutions. However we
leave it as an open question whether the expected complementary result holds, namely whether for non CC compatible dilation
parameters (namely α 6= β), the self-similar solutions must have vanishing circulation, or equivalently be gradients.
II. CONSERVATION OF CIRCULATION
In this section, we rewrite the usual proof [1] of the conservation of circulation (CC) for solutions of the Euler equation. We
assume that all the functions written below are sufficiently regular for the subsequent computations to make sense. Let n be the
space dimension. Let u be a vector field defined on a domain D × I of Rn ×R , namely
u : (x, t) (∈ D × I)→ u(x, t) ∈ Rn. (1)
A time dependent closed curve C is the image of a circle, given by a continuous function γ depending on an angle variable θ and
on time, namely
γ : (θ, t) (∈ [0, 2pi]× I)→ γ(θ, t) ∈ D, (2)
and such that γ(0, t) = γ(2pi, t). One can extend γ to a continuous 2pi periodic function of θ . The vector tangent to the curve C
is ∂γ(θ, t)/∂θ by definition. The circulation of the vector field u along the curve C at time t is defined as the integral
Γ(t) =
∫ 2pi
0
dθ u(γ, t) · ∂θγ(θ, t). (3)
We now assume that u is the velocity field which makes γ evolve. That is expressed by the following relation between u and the
time derivative of γ,
∂tγ(θ, t) = u(γ, t). (4)
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2We compute the time derivative of the circulation
∂tΓ(t) =
∫ 2pi
0
dθ (∂tui(γ, t)∂θγi(θ, t) + ∂jui(γ, t)∂tγj(θ, t)∂θγi(θ, t) + uj(γ, t)∂θ∂tγj(θ, t)) . (5)
The last term in the RHS of (5) can be rewritten as
uj(γ, t)∂θ∂tγj(θ, t) = uj(γ, t)∂θuj(γ, t) = uj(γ, t)∂iuj(γ, t)∂θγi =
1
2
∂θ|u|2.
We obtain
∂tΓ(t) =
∫ 2pi
0
dθ
(
∂tui(γ, t) + uj(γ, t)∂jui(γ, t) +
1
2
∂i|u|2
)
∂θγi(γ, t). (6)
Now the circulation of a gradient along any closed curve vanishes, namely for any function f(x, t), the following holds∫ 2pi
0
dθ ∂if(γ, t)∂iγ(θ, t) =
∫ 2pi
0
dθ ∂θf(γ, t) = 0. (7)
This implies that
∂tΓ(t) =
∫ 2pi
0
dθ v(γ, t) · ∂θγ(θ, t), (8)
where
v = ∂tu+ (u · ∇)u, (9)
namely the time derivative of the circulation of u is the circulation of v. The CC of u along any closed curve is therefore
equivalent to the vanishing of the circulation of v along any such curve, which is in turn equivalent to the fact that v is a gradient.
That is equivalent to the fact that there exists a function
w : (x, t) (∈ D × I)→ w(x, t) ∈ R, (10)
such that
∂tu+ (u · ∇)u+∇w = 0. (11)
This proves that conservation of circulation for a (sufficiently regular) velocity field is equivalent to the equation (11) for that
field. Note that the incompressibility condition∇u = 0 has not been assumed and plays no role in the derivation of that result.
In the compressible case, namely without imposing the incompressibility condition, the Euler equation takes the standard
form
ρ (∂tu+ (u · ∇)u) +∇p = 0, (12)
where ρ is the (possibly space time dependent) density of the fluid and p is the pressure. There is no reason for conservation of
circulation to hold for a velocity field satisfying (12) unless ρ−1∇p is a gradient. Therefore we assume that ρ−1∇p is a gradient.
That assumption is supported by a thermodynamical argument in [1] and is easily seen to be satisfied if p is a function of ρ, as
the consequence of an equation of state. Under that assumption, one can define
∇w = ρ−1∇p,
and (12) becomes identical with (11). In the special case of incompressibility, which we do not assume here, ρ is constant and
can be normalized to ρ = 1, so that w = p in (11). For simplicity of the exposition, we shall refer to (11) as the Euler equation
in all that follows. We do not assume incompressibility, except where explicitly stated in part of section IV below.
3III. CONSERVATION OF CIRCULATION IN RESCALED VARIABLES
In this section, as a preparation to the study of self-similar solutions of the Euler equation, we rewrite the results of the previous
section in terms of appropriate rescaled variables and functions [2] [3]. Aiming at solutions which concentrate at time zero, we
take t negative and for real (preferably nonnegative) α and β , we define X , τ , U and W by
X = |t|−βx , τ = − ln |t| (13)
u(x, t) = |t|−αU(X, τ) (14)
w(x, t) = |t|−2αW (X, τ). (15)
To any closed curve paramerized by a function γ(θ, t) we associate a rescaled closed curve parametrized by the function G(θ, τ)
defined by
γ(θ, t) = |t|βG(θ, τ). (16)
In terms of the variables X and τ , and under the condition
α+ β = 1, (17)
which we assume from now on, the various terms in (11) are respectively given by
∂tu = |t|−α−1(∂τU + αU + β(X · ∇)U)(X, τ)
(u · ∇)u = |t|−α−1 ((U · ∇)U) (X, τ)
and
∇w(x, t) = |t|−α−1∇W (X, τ).
Therefore
∂tu+ (u · ∇)u+∇w = |t|−α−1 (∂τU + αU + β(X · ∇)U + (U · ∇)U +∇W ) (X, τ), (18)
so that the Euler equation (11) is equivalent to the following time dependent Euler-Leray (TEL) equation for U
∂τU + αU + β(X · ∇)U + (U · ∇)U +∇W = 0, (19)
which is a generalization of the usual stationary Euler-Leray (SEL) equation,
αU + β(X · ∇)U + (U · ∇)U +∇W = 0. (20)
If U satisfies (19), then u defined by (14) satisfies the Euler equation (11) and conversely. The circulation (3) is conserved as
proved in the previous section, namely ∂tΓ(t) = 0, with
Γ(t) = |t|β−αΓ˜(τ) (21)
and
Γ˜(τ) =
∫ 2pi
0
dθ U(G(θ, τ), τ)) · ∂θG(θ, τ). (22)
Since Γ(t) is constant, Γ˜ is proportional to |t|α−β if U is a solution of the TEL equation (19).
It can be proved by a direct computation [4] that Γ, as defined by (21) (22), is time independent if U is a solution of the TEL
equation, and actually, by the same argument as in the previous section, that the conservation of (21) for any closed curve is
equivalent to the TEL equation. The time derivative of γ with respect to t, which is the value of the velocity on the curve C, can
be rewritten as
u(γ, t) = ∂tγ(θ, t) = |t|β−1(−βG(θ, τ) + ∂τG(θ, τ)), (23)
4so that
∂τG(θ, τ) = βG(θ, τ) + |t|1−β−αU(G, τ). (24)
Under the condition (17) this yields
∂τG(θ, τ) = βG(θ, τ) + U(G, τ). (25)
We differentiate Γ(t) given by (21) (22) with respect to time and use the fact that ∂tτ = |t|−1 for t < 0. We obtain
∂tΓ(t) = |t|β−α−1
(
(α− β)Γ˜(τ) + ∂τ Γ˜(τ)
)
. (26)
The time derivative of Γ˜ with respect to τ is
∂τ Γ˜ =
∫
dθ ((∂τUi +∇jUi∂τGj)∂θGi + Ui∂θ∂τGi) .
Inserting (25) into this expression, we obtain
∂τ Γ˜ =
∫
dθ (∂τUi + (U · ∇)Ui + βUi + β(X · ∇)Ui) ∂θGi. (27)
Inserting (27) into (26) yields
∂tΓ(t) = |t|β−α−1
∫
dθ (∂τU + αU + β(X · ∇)U + (U · ∇)U) · ∂θG. (28)
The vanishing of (28) for any closed curve is equivalent to the fact that the integrand in the RHS is a gradient, which is equivalent
to the fact that U satisfies the TEL equation (19).
One can rewrite (28) in a slightly different form, valid for any function U(X, τ) [5] by introducing the vorticity tensor
Ωij = ∇iUj −∇jUi. We first recast (28) into the form
∂tΓ(t) = (α− β)|t|−1Γ + |t|−2α
∫
dθ (∂τU + β(1 +X · ∇)U + (U · ∇)U) · ∂θG. (29)
We transform the last two terms of the integrand in (29) as follows
(U + (X · ∇)U)i = Ui +Xj∇jUi = Ui +Xj∇iUj −XjΩij = ∇i(X · U)−XjΩij
and
((U · ∇)U)i = Uj∇jUi = Uj∇iUj − UjΩij =
1
2
∇i|U |2 − UjΩij .
Since the gradient terms do not contribute to the integral in (29), we finally obtain
∂tΓ(t) = (α− β)|t|−1Γ + |t|−2α
∫
dθ (∂τUi − (βGj + Uj)Ωij) ∂θGi. (30)
Note in particular that all the terms in that equation vanish if U is a gradient, since in that case Γ and Ω are identically zero
while ∂τU , being also a gradient, does not contribute to the integral.
IV. SELF-SIMILAR SOLUTIONS
In this section, we consider self-similar solutions of the Euler equation, namely solutions of the form (14), always with
α+β = 1 and with ∂τU = 0 , so that U is a solution of the SEL equation (20). We want to investigate whether the conservation
of circulation implies additional restrictions on those solutions. For orientation, we consider first the simpler case of the L2-norm
for the incompressible Euler equation, namely under the additional restriction
∇ · u = 0. (31)
5In that case, it is well known that the L2-norm is conserved. For u(x, t) defined in (1) with D = Rn, we denote the squared
L2-norm by
N(u) = ||u||22 =
∫
Rn
dx|u|2, (32)
which is twice the kinetic energy for the Euler equation. The L2-norm is covariant under the dilation Dλ of positive parameter
λ defined by
(Dλu)(x, t) = λ−αu(λ−βx, λ−1t), (33)
namely there exists an exponent δ such that
N(Dλu) = λδN(u). (34)
In the case considered here we have
δ = nβ − 2α. (35)
Let now u be a self-similar solution of the incompressible Euler equation. Then u(x, t) = (D|t|U)(x) and in particular U(x) =
u(x,−1). Together with (34) and L2-norm conservation, this implies that for all t
N(u(t)) = N(u(−1)) = N(U) = |t|δN(U). (36)
If δ = 0 or equivalently if α/β = n/2, then (36) is trivially satisfied and does not imply any additional constraint on self
similar solutions. However if δ 6= 0, then (36) implies that N(U) = 0 and therefore that U = 0 and u = 0. Therefore
the incompressible Euler equation does not have (sufficiently regular) L2valued self-similar solutions if α and β do not take
the L2compatible values, namely such that α/β = n/2. Under the condition α + β = 1, the L2compatible values become
α = n/(n+ 2) and β = 2/(n+ 2). In space dimension n = 3 the L2compatibility relation yields the values
α = 3/5 β = 2/5, (37)
originally deduced by Sedov and Taylor to describe blast waves. The formation of singularities with exponents (37) was recently
suggested by the statistical analysis of the high speed velocity flow recorded in the wind tunnel of Modane [6].
In order to gain some intuition on the behavior of self-similar solutions of the incompressible Euler equation, we assume that
there exists a self-similar solution thereof such that the associated U tends to zero at infinity in space as R−k, where R = |X|,
for some positive k. For large R, one expects the linear terms in the SEL equation (20) to be dominant. That requires that
(α+ β(X · ∇))R−k = (α− βk)R−k = 0, (38)
namely k = α/β. The situation is then the following. For the L2compatible values α/β = n/2, k takes the (excluded) limiting
value k = n/2 for L2-norm finiteness at large distances. For α/β > n/2, the decay for large R is sufficient to ensure L2-norm
finiteness at large distances. The lack of global L2-norm finiteness is therefore expected to arise from non-L2 local singularities.
Physically that implies locally infinite energy, which is hardly acceptable. For α/β < n/2, the decay for large R is sufficiently
slow to imply infiniteness of the L2-norm, thereby leaving the possibility open for the existence of locally regular (at least locally
L2) solutions. Physically such solutions might be relevant, with locally finite energy, and even local energy in a suitably bounded
region tending to zero as t tends to zero. In order to ensure finiteness of the global energy, one would however need to consider
solutions that are self-similar only in a bounded domain, but fail to remain so at large distances.
The previous discussion applies with hardly any change to the Nonlinear Schro¨dinger (NLS) equation
i∂tu+ (1/2)∆u± |u|p−1u = 0, (39)
for which the L2-norm is well known to be conserved (for sufficiently regular solutions). Here p > 1, the function u is complex
valued and the relevant exponents α and β are defined by
(p− 1)α = 2β = 1.
By the same argument as for the incompressible Euler equation, the NLS equation does not have (sufficiently regular) L2valued
self-similar solutions unless α and β take the L2compatible values α = n/4 and β = 1/2, namely unless p takes the so called
L2critical value p = 1 + 4/n.
We now return to the Euler equation and to the case of the conservation of circulation (CC). On the basis of (21) (22), one is
tempted to expect that the same argument as for the L2-norm in the incompressible case applies to the circulation, with N(u)
6and N(U) replaced respectively by Γ(t) and Γ˜(τ), and with δ = β − α. Indeed for the CC compatible values α = β, both Γ(t)
and Γ˜(τ), which are then equal, are conserved by the general proof of Section II or III, so that CC does not imply additional
constraints on self-similar solutions in that case. In the complementary case α 6= β, in analogy with the case of the L2-norm, one
is tempted to expect that Γ(t) and Γ˜(τ) vanish for self-similar solutions. Unfortunately the argument breaks down at that point
because even for time independent U , and in contrast with N(U) which is then obviously time independent, the circulation Γ˜(τ)
still depends on time through the curve, which evolves according to (25).Therefore in that case nothing more can be obtained
from CC beyond the fact that Γ˜(τ) evolves in time as |t|α−β as a consequence of (21) and of the fact that Γ(t) is constant by the
general proof of Section II or III. This does not imply that u and U have vanishing circulation, or equivalently are gradients. Of
course gradients have identically vanishing circulation and satisfy CC in a trivial way (see especially (30) and the subsequent
comments). However we leave it as an open question whether for α 6= β self-similar solutions must have vanishing circulation,
or equivalently be gradients.
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